NP-completeness of small conflict set generation
for congruence closure
Andreas Fellner1,2 , Pascal Fontaine3 ,
Georg Hofferek4 and Bruno Woltzenlogel Paleo2,5∗
1

IST-Austria, Klosterneuburg (Austria)
Vienna University of Technology (Austria)
3
Inria, Loria, U. of Lorraine (France)
IAIK, Graz University of Technology (Austria)
5
Australian National University (Australia)

2

4

Abstract
The efficiency of Satisfiability Modulo Theories (SMT) solvers is dependent on the
capability of theory reasoners to provide small conflict sets, i.e. small unsatisfiable subsets from unsatisfiable sets of literals. Decision procedures for uninterpreted symbols (i.e.
congruence closure algorithms) date back from the very early days of SMT. Nevertheless,
to our best knowledge, the complexity of the smallest conflict set generation for sets of
literals with uninterpreted symbols and equalities had not yet been determined, although
it is believed to be NP-complete. We provide here an NP-hardness proof, using a simple
reduction from SAT.

Introduction
Satisfiability Modulo Theory solvers are nowadays based on a cooperation of a propositional
satisfiability (SAT) solver and a theory reasoner for the combination of theories understood
by the SMT solver. The propositional structure of the problem is handled by the SAT solver,
whereas the theory reasoner only has to deal with conjunctions of literals. Very schematically
(we refer to [1] for more details) the Boolean abstraction of the SMT problem is repeatedly
refined by adding theory conflict clauses that eliminate spurious models of the abstraction, until
either unsatisfiability is reached, or a model of the SMT formula is found. Refinements can be
done by refuting models of the propositional abstraction one at a time. It is, however, much
more productive to refute all propositional models that are spurious for the same reason. A
model of the abstraction is spurious if the set of concrete literals corresponding to the abstracted
literals satisfied by this model is unsatisfiable modulo the theory. Given such an unsatisfiable
set of concrete literals, the disjunction of the negations of any unsatisfiable subset (a.k.a. core)
is a suitable conflict clause. By backtracking and asserting the conflict clause, the SAT-solver is
prevented from generating the spurious model again. The smaller the clause, the stronger it is
and the more spurious models it prevents. Therefore, an optimal conflict clause, corresponding
to a minimal unsatisfiable subset of literals (i.e. such that all its proper subsets are satisfiable)
or even a minimum one (i.e. smallest among the minimals) is desirable. This feature of the
theory reasoners to generate small conflict sets (a name adopted in [1]) from their input is also
referred to as proof production [8, 9] or explanation generation [10].
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la Recherche, by the European Union Seventh Framework Programme under grant agreement no. 295261
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Decision procedures for the theory of uninterpreted symbols and equality can be based on
congruence closure [7, 4, 10]. The decision problem is polynomial and even quasi-linear [4] with
respect to the number of terms and literals in the input set. Producing minimal conflict sets
also takes polynomial time. Indeed, testing if a set S remains unsatisfiable after removal of one
of its literal is also polynomial. It suffices then to repeatedly test the |S| literals of S to check
if they can be removed. The set S pruned of its unnecessary literals is minimal. One can also
make profit of the incrementality of the decision procedure [6].
It has also been common knowledge that computing minimum conflict clauses for the theory
of uninterpreted symbols and equality is a difficult problem. But, to our best knowledge,
the complexity of the smallest conflict clause generation for sets of literals with uninterpreted
symbols and equalities has never been established. It is mentioned to be NP-complete in [10]
— with a reference to a private communication with Ashish Tiwari — but neither the authors
of [10] nor Ashish Tiwari published a written proof of this fact1 .
Our interest in this problem arose from our work on Skeptik [2], a tool for the compression
of proofs generated by SAT and SMT solvers. For the sake of moving beyond the purely propositional level, we have developed an algorithm for compressing congruence closure proofs, which
consists of regenerating (possibly smaller) congruence closure conflict clauses while traversing
the proof. Congruence closure conflict clauses are typically generated from paths in the congruence graph maintained by the congruence closure algorithm [5, 10, 9]. During the replay, we
use a polynomial-time algorithm for searching for short paths in the congruence graph, which
is a modification of Dijkstra’s shortest path algorithm [3]. This raised the question whether our
algorithm could find the shortest conflict clauses, as Dijkstra’s algorithm finds shortest paths.
We answered this question negatively by proving that the problem of deciding whether a shorter
conflict clause exists is NP-hard. The goal of this short paper is to present this proof.

Notations
We assume knowledge of propositional logic and quantifier-free first order logic with equality
and uninterpreted symbols. We only enumerate the notions and notations used in this paper.
A literal is either a propositional variable or the negation of a propositional variable. A clause
is a disjunctive set of literals. A propositional variable x appears positively (negatively) in a
clause C if x ∈ C (resp. ¬x ∈ C). The notations {`1 , . . . `n } and `1 ∨ · · · ∨ `n will be used
interchangeably. A clause is tautological if it contains a variable positively and negatively; it is
non-tautological otherwise. We will mainly work with non-tautological clauses, except explicitly
stated. Clauses being sets, they can not contain multiple occurrences of the same literal. A
formula in conjunctive normal form (CNF for short) is a conjunctive set of clauses. A total
(partial) assignment I for a formula in propositional logic associates a value in {>, ⊥} to each
(resp. some) propositional variable(s) in the formula. An assignment I for a formula F is a
model of F , denoted I |= F , if it makes the formula F true. A formula is satisfiable if it has a
model, it is unsatisfiable otherwise. A total or partial assignment can be perfectly defined by
the set of literals it makes true. By default, an assignment is total unless explicitly said to be
partial.
We use the usual notions of (un)satisfiability and model also for quantifier-free first-order
logic. A constant is a nullary function. For convenience, we will use notations like >i and ⊥i
as constants, with no implicit relation to the Boolean constants > and ⊥. A set of formulas E
1 We
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entails a (set of) formula(s) E 0 , denoted E |= E 0 , if every model of E is a model of E 0 .
Congruence closure and congruence graph
We do not give here a full description of congruence closure algorithms and refer the reader
to [7, 4, 10] for more details. We only remind that the satisfiability of a set of first-order literals
with equality and uninterpreted symbols E can easily be checked by building a congruence
graph. We denote the set of all terms and subterms occurring in E by T (E). A congruence
graph is built on a set of nodes including (but not restricted to) T (E). Throughout this work,
we assume that when we check whether E |= s = t it is the case that s, t ∈ T (E). Under this
assumption, the set of nodes in the congruence graph are restricted to T (E). The assumption
is w.l.o.g. since if s ∈
/ T (E) we can add the tautological equations s = s to E and likewise for
t (e.g. when deducing f (a) = f (b) from {a = b}). Adding these equations does not change the
congruence closure of E and only adds a constant number of equations.
There are two kinds of edges in the graph: full edges and congruence edges. There is a
full edge between two nodes associated with terms s and t if and only if there is an equality
s = t (or t = s) in E. The congruence closure algorithm adds congruence edges to the graph
until (the smallest) fix-point is reached: a congruence edge is added between two terms with
the same top symbol f (s1 , . . . sn ) and f (t1 , . . . tn ) if there is a path (using full and congruence
edges) from si to ti for all i ∈ {1, . . . n}. An equality s = t between two terms in E is implied
by a set of literals E if and only if there is a path between s and t in the congruence graph of
E. A set of first-order literals E is unsatisfiable if and only if there is an inequality s 6= t ∈ E
such that there is a path between s and t in the congruence graph of E.
The algorithms we consider in the next section take as input a set of literals E.When we
consider complexity, not only the cardinality of the set is important, but also the number of
terms and subterms as well as the number of their occurrences. Congruence closure algorithms
in modern SMT solvers also typically work on Directed Acyclic Graphs (DAGs), not on trees, to
represent terms. In that case, what matters is not the number of term and subterm occurrences,
but only the number of (sub)terms. However, the input is also typically not a set, but successive
calls to an assertion function with a literal as argument. In that case, every repetition of the
same literal could matter for complexity. Let us assume however here that the input is a set E,
that terms are DAGs with maximal sharing (identity of two terms can be checked in constant
time), and that identity of two function symbols can be checked in constant time. Therefore,
we characterize complexity results in terms of number of literals, terms and subterms of the
input set, i.e. |E| + |T (E)|.

NP-completeness of small conflict set generation problem
Definition 1 (Small conflict set generation problem). Given an unsatisfiable set E of literals in
quantifier-free first-order logic with equality and k ∈ N, the small conflict set generation problem
is the problem of finding whether there exists an unsatisfiable set E 0 ⊆ E with |E 0 | ≤ k.
This problem is NP-complete. Our proof reduces the problem of deciding the satisfiability of a
propositional logic formula in conjunctive normal form (SAT) to the small explanation problem:
Definition 2 (Small explanation problem). Given a set of equations E = {s1 = t1 , . . . sn = tn },
k ∈ N and a target equation s = t, the small explanation problem is the problem of answering
whether there exists a set E 0 such that E 0 ⊆ E, E 0 |= s = t and |E 0 | ≤ k.
The small explanation problem and the small conflict set generation problem are closely related.
There is a small explanation of size k of s = t from E if and only if there is a small conflict of
3
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size k + 1 for E ∪ {s 6= t}. The proof of hardness is based on a (polynomial) translation of the
propositional satisfiability problem to the small explanation problem.
Definition 3 (CNF congruence translation). Let C be a set of propositional clauses {C1 , . . . Cn }
using variables x1 , . . . , xm . The congruence translation EC of C is defined as the set of equations
[
EC = Connect ∪
Clause i
1≤i≤n

with
Connect
Clause i

= {c0i = ci+1 | 1 ≤ i < n}
= {ci = ti (x̂j ) | xj appears in Ci }
∪ {ti (>j ) = c0i | xj appears positively in Ci }
∪ {ti (⊥j ) = c0i | xj appears negatively in Ci }

where c1 , . . . cn , c01 , . . . c0n , x̂1 , . . . x̂m , >1 , . . . >m , ⊥1 , . . . ⊥m are distinct constants, and t1 , . . . tn
are distinct unary functions.
This translation is illustrated by the following example.
Example 1. Consider the set of clauses C

C1 = x1 ∨ x2 ∨ ¬x3 , C2 = ¬x2 ∨ x3 , C3 = ¬x1 ∨ ¬x2 .
Figure 1 represents the congruence translation of C graphically, an edge between two nodes
meaning that the set contains an equation between the terms labeling the two nodes.
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t1 (>1 )
t2 (x̂2 )
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t1 (x̂2 )

t1 (>2 )
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c3

t2 (>3 )

Figure 1: The congruence translation EC = Connect ∪

t3 (x̂2 )

S

1≤i≤n

t3 (⊥2 )

Clause i of C.

Assignments can also be translated to sets of equations:
Definition 4 (Assignment congruence translation). Given an assignment I on propositional
variables x1 , . . . , xm , the set of terms T is constructed using the following constants and function
symbols. The congruence translation EI of I is defined as the set of equations
EI

=

{x̂j = >j | 1 ≤ j ≤ m and I |= xj }
∪ {x̂j = ⊥j | 1 ≤ j ≤ m and I |= ¬xj }

For convenience, we also define the set
Assignment ? = {x̂j = >j , x̂j = ⊥j | 1 ≤ j ≤ m}.
4
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The congruence translation of an assignment is always a subset of Assignment ? . By extension,
a subset of Assignment ? is said to be an assignment if it is the congruence translation of an
assignment, that is, if it does not contain both x̂j = >j and x̂j = ⊥j for some j.
Example 2. (Example 1 continued) Consider the model I = {x1 , ¬x2 , x3 } of C. Figure 2 gives
a graphical representation of EI , whereas Assignment ? is described by Figure 3. Notice that
EC ∪ EI |= c1 = c03 , and c1 and c03 are connected in the congruence graph of EC ∪ EI (Figure 4).
This is actually the aim of the construction.
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x̂3

Figure 2: Congruence translation of I
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Figure 3: Assignment ?
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Figure 4: The congruence graph for EC ∪ EI
Lemma 1. Consider a (partial or total) assignment I for a set of non-tautological clauses
C = {C1 , . . . Cn } using variables x1 , . . . , xm . I |= C if and only if EI ∪ EC |= c1 = c0n .
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Proof. (⇐) Consider the congruence graph induced by EI ∪ EC . Besides edges directly associated to equalities in the set, the only edges are congruence edges between terms ti (x̂j ) and
either ti (>j ) or ti (⊥j ). So any path from c1 to c0n would go through such a congruence edge
for each i. And such an edge exists for i if and only if the clause i is satisfied by I.
(⇒) If I |= C, then I |= Ci for each clause Ci ∈ C. Assume I makes true a variable xj , literal
of Ci (the case of the negation of a variable is handled similarly). Then EI |= ti (x̂j ) = ti (>j ),
and EI ∪ Clause i |= ci = c0i . This is true for each i, and thanks to the equations in Connect,
one can deduce using transitivity that EI ∪ EC |= c1 = c0n .
Lemma 2. Consider a (partial or total) assignment I for a set of non-tautological clauses
C = {C1 , . . . Cn } using variables x1 , . . . , xm . |EI ∪ EC | and |T (EI ∪ EC )| are polynomial in n
and m.
Proof. EI contains at most m equations, since for no j both I |= xj and I |= ¬xj . The set
Connect contains exactly n − 1 equations. For every i, the set Clausei contains at most 2m
equations. EI ∪ EC contains at most 2n + 3m + 3mn terms (for i = 1, . . . n, j = 1, . . . m we
have ci , c0i , x̂j , >j , ⊥j and ti (x̂j ), ti (>j ), ti (⊥j )). In total we have |EI ∪ EC | < n − 1 + m + 2mn
and |T (EI ∪ EC )| < 2n + 3m + 3mn.
Considering again Example 2, and particularly Figure 4, any transitivity chain from c1 to c03
will pass through c01 , c2 , c02 and c3 . Any acyclic path from c1 to c03 will contain 11 edges: 3
congruence edges, 3 × 2 edges in Clause i for i = 1, . . . 3 and 2 edges from Connect.
Since every interpretation I is such that EI ⊂ Assignment ? , one can try to relate the
propositional satisfiability problem for a set of clauses C = {C1 , . . . Cn } to finding an explanation
of c1 = c0n in Assignment ? ∪ EC . However, it is necessary that this explanation does not set x̂j
equal both to >j and ⊥j , i.e. at most one of the two equations x̂j = >j and x̂j = ⊥j should be
in the explanation. By restricting assignments to total ones, i.e. by enforcing that at least one
of the two equations x̂j = >j and x̂j = ⊥j belongs to the explanation, it is also possible, with
a single cardinality constraint on the explanation, to require that at most one of them belong
to the explanation.
Lemma 3. A set of non-tautological clauses C = {C1 , . . . Cn } using variables x1 , . . . , xm is
satisfiable if and only if there is a subset E 0 ⊆ Assignment ? ∪ EC 0 such that E 0 |= c1 = c0n+m
and |E 0 | ≤ 3n + 4m − 1, where C 0 is C augmented with the tautological clauses Cn+i = xi ∨ ¬xi
for i = 1, . . . m.
Proof. (⇒) Consider a total model I for C: EI ⊂ Assignment ? contains exactly m elements.
For each clause i (i = 1 . . . n + m), collect in E ⊂ EC 0 both equations relative to one satisfied
literal (that is 2(n+m) equations in total), as well as the n+m−1 equations from Connect. The
equation c1 = c0n+m is a consequence of the disjoint union E ∪ EI , which contains 3n + 4m − 1
elements.
(⇐) An explanation of c1 = c0n+m has to contain 2(n + m) equations from Clausei (i =
1 . . . n + m) and n + m − 1 equations from Connect. Thanks to the tautological clauses, any
explanation also has to contain at least x̂j = >j or x̂j = ⊥j for each j ∈ {1 . . . m}. Therefore,
the cardinality constraint requires that the explanation contains at most one x̂j = >j or x̂j = ⊥j
for each j ∈ {1 . . . m}. If such an explanation exists, Lemma 1 guarantees the existence of a
model for C 0 , or equivalently for the original set of clauses C.
Corollary 1 (NP-hardness). The small explanation problem is NP-hard.
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Proof. Propositional satisfiability is NP-hard, and can be reduced in polynomial time to the
small explanation problem.
Lemma 4 (NP). The small explanation problem is in NP.
Proof. Let E be a set of equations and s = t be a target equation. A solution to the explanation
problem for some k ∈ N is a subset E 0 ⊆ E, such that |E 0 | ≤ k. Let n = |T (E)| + |E| and
n0 = |T (E 0 )| + |E 0 |. We have n0 ≤ n, since E 0 ⊆ E and every term in E 0 appears also in
E. Checking whether E 0 is an explanation of s = t can be done by computing its congruence
closure, which is possible in polynomial time in n0 [7] and thereby also in n.
Theorem 1 (NP-completeness). The small explanation problem is NP-complete.
Proof. By lemmas 1 and 4.
Theorem 2 (NP-completeness). The small conflict set problem is NP-complete.
Proof. The small conflict set problem is at least as hard as the small explanation problem since
the small explanation problem has been showed to be reducible to the small conflict set problem.
It is also in NP for exactly the same reason that the small explanation problem is.

Conclusion
The conflict set generation feature of congruence algorithms is essential for practical SMT
solving. Although one could argue that the important property of the generated conflicts is
minimality (i.e. no useless literal is in the conflict), it is also interesting to consider producing
the smallest conflict. We have shown that the problem of deciding whether a conflict of a given
size exists is NP-complete. Therefore, it is generally intractable to obtain the smallest conflict.
In [6, 8, 9], methods to obtain small conflicts, but not necessarily the smallest, are discussed.
In practice, it pays off to prioritize speed of the congruence closure algorithm and conflict
generation over succinctness of conflicts. However, other applications sensitive to proof size
may benefit from other methods prioritizing small conflict size, at a cost of less efficient solving.
Thanks to the NP-completeness, one option could be to iteratively encode the small conflict
problem into SAT, and use SAT-solvers to find successively smaller conflicts, until the smallest
is found. An algorithm based on a variant of the SAT problem (i.e. Max-SAT) may provide a
technique to avoid repeated calls to the solver, and find the smallest conflict in one run.
Acknowledgment. We would like to thank Roberto Nieuwenhuis and Ashish Tiwari for
discussions and some preliminary ideas that led us to this proof.

References
[1] Clark Barrett, Roberto Sebastiani, Sanjit A. Seshia, and Cesare Tinelli. Satisfiability modulo
theories. In Armin Biere, Marijn J. H. Heule, Hans van Maaren, and Toby Walsh, editors, Handbook
of Satisfiability, volume 185 of Frontiers in Artificial Intelligence and Applications, chapter 26,
pages 825–885. IOS Press, February 2009.
[2] Joseph Boudou, Andreas Fellner, and Bruno Woltzenlogel Paleo. Skeptik: A proof compression
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